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endomorphism.

Let G = Aut(g)?. Then G is an algebraic subgroup of GL(g) and its Lie
algebra is adg.

Definition
If e is a nilpotent element of g then all the elements of the orbit G - e are
nilpotent. In this case, the orbit is said to be nilpotent.
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The triple (h, e, f) is called an sly-triple.

Definition

Zs(e) ={g € G|gle)=e}.
Zg(h,e,f):={g € G |g(h)=h,g(e)=eg(f)="1}

The aim of our work is to compute Zg(e)/Z2(e), where e is the
representative of a nilpotent orbit.

Theorem

Representatives of the component group of Zg(h, e, f) are also
representatives of the component group of Zg(e).
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Fix a base A = {aq,...,q} of the root system ® of g and a canonical
generating set {hj, x4q, }-
Let 7 be a permutation of {1,...,/} such that {a;, a;) = (i), ar(jy)- It
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generating set {hj, x4q, }-
Let 7 be a permutation of {1,...,/} such that {a;, a;) = (i), ar(jy)- It

follows that there is a unique automorphism o, of g such that
Uﬂ(hi) = hﬂ'(i)v UW(Xia;) = Xdagp-

Definition

The automorphism o, constructed as above, is called diagram
automorphism.

Since x5, = Ox,0x,, We can define a (finite) group of diagram
automorphisms of g denoted I'.

Proposition
With the notation above, we have the following:

Aut(g) = G x T.




-
Classical Lie Algebras

0 A =sl(n+1)={xegl(n+1): tr (x) =0}

0 0
o B,:=s50(2n+1) = x€gl(2n+1):sx = —sx| s = 0 I
I, 0

1
0
0
: : T 0
o C:=s5p(2n) ={x€gl(2n) :sx = —sx',s = iy
: : T 0 I
® D,:=s0(2n) = {x €gl(2n):sx =—sx',s= 0

For the above Lie algebras we can compute the component group explicitly
by constructing an algorithm which follows the theoretical approach given
by J. C. Jantzen (2004).
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For the explicit computation:
e For any odd s, find an element g5 € O(Ms) such that det(gs) = —1;

@ Compute the preimage gs :=1x - x1x gsx1x---x1 forany

odd s;
@ Let M be the group generated by the g;;
o For g € M, compute o5 € Zg(h, e, f) as o4(x) = gxg ™1

o Check whether o, € Z2(h, e, f) to determine Zg(h, e, f)/Z2(h, e, f).
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For the explicit computation:
e For any odd s, find an element g5 € O(Ms) such that det(gs) = —1;
@ Compute the preimage gs :=1x - x1x gsx1x---x1 forany
odd s;
Let M be the group generated by the g;;
For g € M, compute o, € Zg(h, e, f) as og(x) = gxg~};
Check whether o, € Z2(h, e, f) to determine Zg(h, e, f)/Z2(h, e, f).
In general, the component group is isomorphic to (Z/27)?, where a is
the number of even integers appearing among the d;.

e 6 o6 o

Theorem
Ze(hoe,f)  — ] oMs) x ] Se(Ms)
s odd s even

is an isomorphism of groups.
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Exceptional Lie algebras

From now on, let g be a Lie algebra of type Gy, Fa, Eg, E7 or Es.

Nilpotent orbits of such Lie algebras where characterized by
A.V .Alekseevskii (1978) and Sommers (1998). Moreover, R. Lawther and
D. M. Testerman made some impressive hand computations of component
groups (2011).
Summarizing, we have the following data:

o List of all nilpotent orbits;

@ Isomorphism types of the component groups of the orbits;

@ Explicit computations of generators of component groups.

Our goal is to overcome limits of the last point, providing a unified
strategy and developing computational methods to find generators for
component groups.
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A Lie algebra g is reductive if g = 34(g) @ [g, 9].

Fix an slo-triple (h, e, f) and let:
o ¢y :=j34(he f):={xeg|[hx]=][ex]=][f x]=0}
o & :=34(c1):={xeg|ly,x]=0forally €ci};
@ ¢y = [62, 2.

Lemma
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For nilpotent orbits of the exceptional Lie algebras there are three distinct
cases:

Q@ ¢y is trivial;

@ c; has a trivial center, i.e. it is semisimple;

© c¢1 has a non-trivial center.



¢y Is trivial

Observe that in this case Zg(h, e, f) is a finite group since its Lie algebra
is zero.

Consider Zg(h) = {g € G | g(h) = h}. This group is connected and its
Lie algebra is the reductive Lie algebra defined as follows:

39(/7) = h S @ Ja
acV

where ¥ = {a € & | a(h) = 0}. Fix a base N = {f1,...,0m} and a
canonical generating set {x4g,, hg,} and let Wy be the Weyl group of V.



¢1 is trivial
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Zg(h)= | | UHwU,
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where
U= {e13% ... em3%m for 51,..., s, € C}
H is a maximal torus of the form {hi(t1)--- hi(t)) | t1,...,t; € C*}

hi(t) = Wﬁi(t)Wﬁi(l)_la Wﬁi(t) = etadxﬂieftiladX*ﬁietadXBi
Un = {euiladxﬁfl . Uim 3Gy, for ui, ..., um € C}

Y, ={Bi,...,Bi,} C ® the set of all §; such that w(g;) is a negative root .
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where
U= {e13% ... em3%m for 51,..., s, € C}
H is a maximal torus of the form {hi(t1)--- hi(t)) | t1,...,t; € C*}

hi(t) = Wﬁi(t)Wﬁi(l)_la Wﬁi(t) = etadxﬂieftiladX*ﬁietadXBi
Un = {euiladxﬁfl . Uim 3Gy, for ui, ..., um € C}

Y, ={Bi,...,Bi,} C ® the set of all §; such that w(g;) is a negative root .

At this point it suffices to set g(e) = e for g € Zg(h) and solve with
respect to the indeterminates s1,...,Sm, t1,...,t;, U1, ..., Un.
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The Killing form is non-degenerate, being g semisimple. This implies that
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¢1 is semisimple

Setc:=c1®cpand ¢t = {x€g|k(x,y)=0forall y €c}.

The Killing form is non-degenerate, being g semisimple. This implies that
¢cNet =0, henceg=c@ct.

Lemma

[c,ct] C ¢t ie. ¢t is a c-module.
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Let o € Zc(h, e, ).
o 0|, € Aut(c1) = Aut(c1)® x T, = Zg(h, e, f)° x T, In other words,
we can find ¢ € Zg(h, e, f)° such that ogl., €T

® 0|, € Zaut(c,)(h, e, f) but its Lie algebra is 3¢, C 33N c2 = 0. Hence
Zaut(co)(hs e, f) is finite.

All this implies that we can determine a finite set U of automorphisms of ¢
that stabilize ¢; and ¢y and such that extending these automorphisms to
all of g gives at least an element for each component of Zg(h, e, f).

It turns out that an arbitrary element 7 of U can be extended in a finite
number of ways.
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¢1 is semisimple

Let V = ¢t and write V= V4 @& --- & V,,, where V; are the irreducible
c-modules. V can be assumed to be multiplicity free.

e Fix a canonical generating set {h;, x;,y; for 1 < < s} and compute
the maximal vectors {v1,..., v}, i.e. vectors such that x; - v; = 0 for
all §.

o Consider the canonical generating set
{r(hi), 7(x;), 7(y;) for 1 < i < s} and compute the maximal vectors
{wi,...,wn}.

o Fix igp with 1 < iy < m and define integers v, ...,v0 by
h,' *Viy = l/;o Viy-

o If there is a jo such that 7(h;) - wj, = I/’-io wj, for 1 </ < 's then the
extension of 7 has to map vj, — kj, j,wj,. We get then a system of
equations between generators of g in the indeterminates ki j,.
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¢1 has non-trivial center

In this case we do not know what the possible restrictions of an element in
Zg(h, e, f) to ¢i can be. We proceed as follows:

@ Compute ¢; and then cy;

@ Compute the finite group of diagram automorphisms Za,e(.,)(h, e, f)
as before;

@ Try to extend these morphisms directly from ¢, to g;

@ We need to use different strategies case by case.



